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(0) Introduction and setup of the problem
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Construction of the homogeneous Poisson-Voronoi tessellation 1/2

& a Poisson point process on R? with intensity measure the Lebesgue measure.
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Construction of the homogeneous Poisson-Voronoi tessellation 2/2

To X € & associate the cell Cell(X,®) = {y € R : VX’ € @, ||y — X|| < |ly — X'||}.

The collection of all cells constitutes the homogeneous Poisson-Voronoi tessellation.
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The typical cell and some observables

Typical cell
Co = (0,0 U {0}),

circumradius of the typical cell
Rcire = min{r > 0:Co C B,(0)},

inradius of the typical cell

Rin = max{r > 0:B,(0) C Co}.
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Previous works

Explicit law of the inradius:

P (Rin > t) = P(® N 5(0,20) = §) = ¢~ Vola(B5(0.20)) — o=ra(2)?

In [1], double bound on the tail probability of the circumradius. For the 2-dimensional case,
for t large enough,

2 2
27t2e ™™ < P (Rejre > t) < dmt?e” .

Our question:
]P(Rcirc 2 t) t_’:‘oo ?

[1] P. Calka. The distributions of the smallest disks containing the Poisson-Voronoi typical cell
and the Crofton cell in the plane. Adv. in Appl. Probab. 34, 702-717 (2002)



ro setup (1) Setup « Vmax ng (2) E[random
OOOOOOOOOOOOOOOOOOOOOOOO

Simulations of a cells with large circumradius 1/3

A cell with circumradius > 3:
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Simulations of a cells with large circumradius 2/3

A cell with circumradius > 5:

lom simplex] & Cy (3) Negligibility E[#((Vaix)2
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Simulations of a cells with large circumradius 3/3

A cell with circumradius > 10:
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Guess and implications

Our guess:
d
P(Reipe > t) ~ Cgt"d e~ rdt
t—o0

with Cy a constant, ng a polynomial in d, kg = Volg(Bga ).

A cluster of cells with circumradius > 5:
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1 conj. i
E [# exceedances in a cluster of exceedances ] 2] 2d

extremal index =
The extremal index for the circumradius is hidden in Cjy.

[2] P. Calka & N. Chenavier. Extreme values for characteristic radii of a Poisson-Voronoi
tessellation. Eztremes 17, 359-385 (2014)
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The circumradius as the distance to a “pointy” vertex

Notation. A vertex of Cp is said to be “pointy” if, locally around it, it is the point of Cp
maximizing the distance to the nucleus 0.

Reire = dist (0, one of the “pointy” vertices of Cp)

e “pointy” vertices

* non “pointy” vertices
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Idea

Consider
V2t = { all “pointy” vertices of Co at distance >t from 0 }

then
{Rcirc > t} = {#vr%;x > 1}

We access the tail of the distribution of Rgiyc from the study of #VI%;X:

t—o0

P(Rire 2 t) = P(#Vike 2 1) Z7E [#0V35)] -
(**) —
*)
(*) is computed in sections (1),(2).
(**) arises from the asymptotic negligibility of ]E[#((Vr%flx)i)} with respect to E[#(V%;X)]
as t — oo: section (3).
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Outline
To show: P
>t _ ng Kkqt
P (Rcirc 2 t) t:oo E [#(Vrﬁax) = Cdt defdb |

(0) Introduction and setup

(1) Computation of E[#(V%;x)] up to multiplication by a constant: find ng

(2) Computation of the expected volume of a random simplex: find Cy

(3) Negligibility of E[#((Vr%;x)i)] and Theorem

B [#((V
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max)=)] & Theorem
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(1) Setup of E[#(V=! )]: finding ng

max
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Characterization of “pointy” vertices

Lemma 1. Let ¢ be a vertex of Cp at equal distance from 0 and X, ..., X4 € ® and

Xi—C

= ——fori=1.d
[1X: —cll

Up = — and U;
llell
then, c is “pointy” iff
0 € Conv (Pt (1), -, Py (Ua))

where Pj; 1 denotes the orthogonal projection onto UOL and Conv the convex hull of
0

the specified points.

“pointy” vertex ¢ 0 € Conv(Pyy (Uh), Py (Uz), Pyg (Us))

& Theorem
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The Mecke formula

For any positive function f,

2[#((Viaax)2)] & Theorem

E Z f(Xl,...,Xd,fD) = / d:):l..da:dE[f(xl,,..,xd,CI)U{x1,..,xd})]

(Xl,.,Xd)€<I>i (Rd)d

where @‘i is the set of d-tuples of pairwise distinct points of .
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Blaschke-Petkantschin spherical change of variables

For any positive function f of d points of RY,

dzy..dzg f(z1, ..., Ta)

(R)d

oo

2

= /dT / dug..dug d'r® "L Ag(uo, . ug) F(r(—uo + u1), .., r(—uo + ug))
0 (spa)tt

where Ag(ug, .., uqg) = Volg(Conv(ug, .., uq)).
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Setup of the expectation of the number of pointy vertices at large distance

1
>t |
E [#VmaX] *d!E Z 1Center(Ball(O,X1,..,Xd))GVr%;x
(X17-7Xd)€4’i

Mecke 1 day..dzgE |1
T odl T GTd Center(Ball(0, 21, .., £q)) EVEL (®U{z1,...24})
(R)d ~
1 [e @)
B.-p. 1 ) d2—1 [ ]
= dr / dug...dugd! r Ag(ug, ..,uq)E lcevr%;,((@u{zl,..,md})
0 (Sga)dt?
(e o)
Fugm/drrdz_le_mdﬂlrzt
0

duo...dugAg(uo, -, ua)locConv(P, | (u1),...P, | (ug))
0 0
(Spa)dtt
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Summary and value of ng

Denoting Kqg = Vold(BRd), Oq = dlid = VOld_l(S]Rd) and U()7 .oy Ud ii.d. Unif(SRd),

d-1
1 il (d=1) _, ,d
]E[#(V%;x)] = — > thk] d+17., et ) IR | Ag(Uo, -, Ua)locConv(P. | (Ur,.U))
dkq = 7! Ug

d
~ Cdtd(d—l)e—ndt
t—oo
SO

ng =d(d—1),

Cq = Ug]E [Ad(U()’ R Ud)lOGConv(PUL (U1,.,U)) | *
0
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(2) Expectation of a random simplex: finding C
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Our question:

Previous work (Miles)

E [Ad(Uo, :Ud)loe(lonv(PUJ_(Ul,..,Ud))] =7
0
As(Uo, U, Us)loeconv(p + (U1U2)

Uy
\ Us

sphere Spa:

A3(Uo, Uy, Uy, U3)10eccmv(1>vuL (U1,UsUs))

v

By [3], for Uy, .., Ug i.i.d. uniformly distributed random variables on the (d — 1)-dimensional
E[A4(Uo, -, Ug)]

2
_ 1 F(%)F(d +1

7)) [ I
vmdl (L INE

d

3)
+1
2

d
())
[3] R.E. Miles. Isotropic random simplices. Adv. in App. Prob. Vol. 3, No. 2, 353-382 (1971)

[m]
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Reduction to the expectation of a subsimplex

From now on, we use the short notations

a k= (a1,.,ax) and f(ai. x) = (f(a1), .., flag))-
Lemma 2. For U g4 i.i.d. Unif(Sga):

E [Ad(UO..d)IOEConv(PUJ_(Ulnd))j| =dE {Ad((l, Uo..a-1)loeConv(P,,  (U;..4))
0 0
Ao (U, U, UZ)loeCoanUuL(Ul,Uz))

A2(01 Uy, Ul)lﬂeConV(PUUJ_ (U1,U2))
U1 Ul
N

Uy

)
o
)



(0) Intro & setup (1) Setup of E[#(Viaiy)] & ny (2) E[random simplex] & Cg (3) Negligibility E[#((vn%;ﬁx)i)] & Theorem
000000000000 000000 000e00 0000

Sketch of proof for Lemma 2., d=2

For Up, U1, Uz ii.d. Unif(Sp2), under the pointy condition
(+) = 0 € Conv(Py (U1), Py (Ua))
we can write the signed sum

A2 (Uo, U1, Uz)1 4y = A2(0,Uo, U1)1 sy + A2(0,Uo, U2) 1wy + A2(0, Ur, Uz)signy, (Ur, U2) 1) -

E[]=2E[A2(0,Up,U1)1 ()] E[-]=0

signy,(Uy, Us) = +1 signy,(Uy, Us) = —1

L
Us

Uy

N
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Recursive relation on the expectation of the subsimplex

Lemma 3. Let Ug g be i.i.d. Unif(Sga) and Vg, 41 be i.i.d. Unif(Sga—1). Then

E {Ad(O,Uo“d—l)loecOnv(PUé (Ul__d))]

L sy T
:?d @ ]E{Ad—l(ovVO.Ad—2)1oeConv(PVOJ_(Vll_d,l))

where B(-, ) denotes the Beta function.

RV = Py (Uit1) A(0,Ug.q-1) A(0,Up, (RV)g..q-2)

iRVo 0 RV
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The expectation of the number of “pointy” vertices at large distance

Proposition 1. Let Ug, 4 be i.i.d. uniform random variables on the
(d — 1)-dimensional sphere Spa, then
d
i r(s)

E [Ad(UO..d)IOECOnV(PUé (Ul__d))] = Jr2a-1(d —1)! - (d+1)d—1
2

[N][-W

and therefore,

>t - d(d—1) ,—rgt?
E [#(Vmax)] PN Cdt €

where

d2—1
2w 2

(d—1)T (%)d”

Cyq =
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(3) Negligibility of E[#((V2!

max

)2)] and Theorem
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Negligibility of E [# (Vzt )i} and Theorem

max

Proposition 2. As t — oo,

sl (2] =0 (40 me) <o i)

Theorem. Ast — oo,

P(Rcirc > t) — Cdtd(d—l)e—ndtd + O(td(d—2)e—ndtd)

d

where kg = is the volume of the d-dimensional unit ball and

T2
r(4+1)

d2—1
2

(d— 1) (LEL)d—1

IS

Cq =
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Thank you for your attention!
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