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Torus: (Z/nZ)d n — o0 H|gh dim: d > 6 (> or spreadout)

Bond-perco: Indep Ve : P(e € T),) = p.
Caf =2 |C5] =5

o[

4| = 32

Clusters: connected components

Largest: |C| > |Cq| > ... (#Vertices)



Meanfield
Conjecture

In high dimensions :

Percolation ~ Erdos—Rényi

Yes

Very precisely around p,

(Before : up to constants below p.)

4/16



5/16°
Result

Theorem (Addario—Berry, Broutin, Goldshmidt, 12

G(n,p): pe(X) =1/n+ An~4/3,
Scaling limit of (C;, dg/n'/3, |C;|/n?/3);en.

Critical Erdos—Rényi (Z/27)7

\Bfi‘ (27 vertices ; |C;| > 200) )@é %
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Sprinkling: p < p’. Study T}, conditionally T,

Definition (Cluster graph T,
o Vertices: €, the clusters of T,.
o (A, B)eT,, iff there is an edge of T, between A, B.
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Approximation with x-graphs

Proposition

p,p’ & critical : conditionally to H,, H, , ~ X-graph.

Definition (x-graph)
o Va € I weight w, € RT. g € RT.
e Indep, Vi,j €l : P((i,j) € Gp) =1— e "i%i1,

o weight(C;) = #vertices|C}|.
o VA, B clusters, let A4 p:=#/{edges between A, B}.
P((A, B) € Hyy|Hp) =1~ ((1=p")/(1—p))=*7.
A p ~o |A]|BJ?
Heuristic: Large clusters ~ sets of i.i.d. uniform vertices.

Diameter < (n4)Y/3 >> n? mixing time on (Z/nZ)?.



L. . 19/16
Approximation with x-graphs

Proposition

p,p’ = critical : conditionally to H,, H, , =~ X-graph.

Definition (x-graph)
o Va € I weight w, € RT. g € RT.
e Indep, Vi,j €l : P((i,j) € Gp) =1— e "i%i1,
Need limit of G: Equiv og := Y |Al?, 03 := > |AJ®>. Upper-b max|A|.
* O-QX(pc _ps)_l : O'SX(pc _ps)_3
® 09 and o3 concentrated

Need coupling :
Z(AA’B — @‘AHB’P < Ug.
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Geometry in the torus

Cluster graph ~ Xx ~ Critical torus

.‘ G

Bad method: d(u,v) =)_[...] =
1+14+4+1+1+142

e Critical torus ~ forest —>

Good method : ~ 1 single path + between u and v

. De
dpiv(u, v) & e detust (U, V). e # closed pivotal edges of v in T,

~ (pc _ps)/pch/‘ and ~ dclust(uav)-
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Inhomogeneous percolation :

Vertices I. Probas P = (pi,j)i,jEI- Indep ]P)((Z,]) open) = Dij-

Study: T'= (P(i <> 7))ijer

Union-bound : T'< P+ PT < T <Y P*.

— Z Pk 4+ Z P~ rank 1

plateau

kgtmix k>tmix
small ~rank 1

| ower-bound : Inclusion-exclusion.

Exclusions : 2 paths — € cycle < very costly.

We need:

e Few cycles — local cycles disapear

|| P||> small — Weak plateau

® {mix small. — Spectral gap of (A4 B)A. Bee.

<
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Spectral gap

Look at: Ay, Ag,... eigenvalue of (A4 B)

AX, X
Lower-b A\;: A\ = max < HX’H2 ) > X := (|A]) ace. (already done)
a- b2
Upper-b Ao: Upper-b >° \F = Tr(AF). o o
by @ As o 43
A As
By BK: Tr(A*) =< ST T[P(a; < b;).
a] ¢ ® b3
o o
b4 A4 a4

Welcome in FOURIER’s magical world....

2
x&dual tore Ok for k > 4.

Z (;,;)kf)k(x) < Infrared-bound (= Fourier's plateau).
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IV dg ~ Cdy.

Large clusters perco Z¢

Multi local limits
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> P(0 4> z),|dgr(0,z) — Cdpiv (0, )| > ex(p)) — 0.
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High level summary: the contraction

Random walk bounds at p < p. for P,(0 <> x)

Correlation

corresponds to cycles Convolutions contract

Better toward Gaussian
And (large) cycles bz””/diat
are very costly P<DP <DPec

Paths at p’ > p

0 x1 xo a3 L

e W e W g

(a4

~ many =~ inde. p-open paths

Better RW bounds for :

pr(o < CEl)Pp(xl < 5172) ..

Ongoing : New proof for 8(p.) = 0 for d > 6!
Paths at p’ &~ Markov chain of p-open connected components






