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• Combinatoric
• Informatic
• Statistical Physic

Models : Universal
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Bond-perco: Indep ∀e : P(e ∈ Tp) = p.

|C4| = 2

|C1| = 32

|C3| = 5

|C2| = 6

Clusters: connected components

Largest: |C1| > |C2| > . . . (#Vertices)

Torus: (Z/nZ)d High dim: d > 6n → ∞ (≫ or spreadout)
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Conjecture

In high dimensions :

Percolation ≈ Erdös–Rényi

Yes
Very precisely around pc

(Before : up to constants below pc)
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Theorem (Blanc-Renaudie, Broutin, Nachmias)
Hypercube+Torus in high dim : Same scaling limit.

Theorem (Addario–Berry, Broutin, Goldshmidt, 12)

G(n, p): pc(λ) = 1/n+ λn−4/3.
Scaling limit of (Ci , dgr/n

1/3 , |Ci|/n2/3)i∈N.

Critical Erdös–Rényi
(217 vertices ; |Ci| ≥ 200)

(Z/2Z)17



Result
5/16

Theorem (Blanc-Renaudie, Broutin, Nachmias)
Hypercube+Torus in high dim : Same scaling limit.

Theorem (Addario–Berry, Broutin, Goldshmidt, 12)

G(n, p): pc(λ) = 1/n+ λn−4/3.
Scaling limit of (Ci , dgr/n

1/3 , |Ci|/n2/3)i∈N.

=⇒

Critical multiplicative graph Torus

Perco↔Coalescent
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I Link percolation/×-graphs
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Cluster
graph

Sprinkling≈

Coupling

Sizes: Aldous
Dist: ABG+...

Multiplicative
graphs

Erdös–Rényi
limit

Crit perco
dpivot

(a) (b)

(c)
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• weight(Ci) = #vertices|Ci|.

Heuristic:

∆A,B ≈∝ |A||B|?

Diameter ≲ (nd)1/3 ≫ n2 mixing time on (Z/nZ)d.

Large clusters ≈ sets of i.i.d. uniform vertices.

Proposition
p, p′ ≈ critical : conditionally to Hp, Hp,p′ ≈ ×-graph.

Definition (×-graph)
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Approximation with ×-graphs
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Proposition
p, p′ ≈ critical : conditionally to Hp, Hp,p′ ≈ ×-graph.

Definition (×-graph)
• ∀a ∈ I weight wa ∈ R+. q ∈ R+.

• Indep, ∀i, j ∈ I : P((i, j) ∈ Gp) = 1− e−wiwjq.

Need coupling : ∑
(∆A,B −⊛|A||B|)2 ≪ σ2

2 .

Need limit of G×: Equiv σ2 :=
∑

|A|2, σ3 :=
∑

|A|3. Upper-b max |A|.

• σ2≍(pc − ps)
−1 ; σ3≍(pc − ps)

−3

• σ2 and σ3 concentrated
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Geometry in the torus

Cluster graph ≈ × Critical torus

Bad method: d(u, v) =
∑

[. . . ] =
1 + 1 + 4 + 1 + 1 + 1 + 2

Good method :
dpiv(u, v) ≈

pc
pc − ps

dclust(u, v).

• Critical torus ≈ forest =⇒
≈ 1 single path γ between u and v

u

v

• # closed pivotal edges of γ in Tp

≈ (pc − ps)/pc|γ| and ≈ dclust(u, v).

≈

10/16



II Proof of ∆A,B ≈ ⊛|A||B|.
11/16

Lace expansion

≈ multCluster
graph

Inhom
Perco

Sub-crit
perco

Fourier
World

∑
A̸=B:grands

(∆A,B −⊛|A||B|)2 ≪ σ2
2 .
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a

a′

b

b′

a bu u′ u

v

u′

v′

Hutchcroft ; Michta ; Slade :

Weak plateau

Hypercube: Torus: Graph ≈ × :

↪→ Cluster graph

Classical (BK)
Classical

(Off-method+Triangle)
Need plateau
↪→ P(u ↔ v) ≈ Cst
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Vertices I. Probas P = (pi,j)i,j∈I . Indep P((i, j) open) = pi,j .

Study: T = (P(i ↔ j))i,j∈I

Union-bound : T ≤ P + PT ↪→ T ≤
∑

P k.

=
∑

k≤tmix

P k +
∑

k>tmix

P k≈ rank 1

small ≈rank 1

Lower-bound : Inclusion-exclusion.

Exclusions : 2 paths ↪→ ∈ cycle ↪→ very costly.

T T

PP

T

We need:
• Few cycles ↪→ local cycles disapear
•∥P∥2 small ↪→ Weak plateau
• tmix small. ↪→ Spectral gap of (∆A,B)A,B∈C.
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Lower-b λ1: λ1 = max
⟨∆X,X⟩
∥X∥2

↪→ X := (|A|)A∈C. (already done)

Upper-b λ2: Upper-b
∑

λk
i = Tr(∆k).

Look at: λ1, λ2, . . . eigenvalue of (∆A,B)

A1

A2

A3

A4

a1

b1

a2 b2

a3

b3

a4b4

By BK: Tr(∆k) ≈≤
∑∏

P(ai ↔ bi).

Welcome in FOURIER’s magical world....

∑
x∈dual tore

τ̂(x)kD̂k(x)
Ok for k ≥ 4.

∑
x∈dual tore

τ̂(x)kD̂k(x) ↪→ Infrared-bound (a.k.a plateau chez Fourier).

↪→ Infrared-bound (≈ Fourier’s plateau).



III Equivalent susceptibilities
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Large clusters perco Zd

Proposition

χ(p) := Ep[|C(0)|] ∼ Cχ

pc − p
; Ep[|C(0)|2] ∼ CΨχ(p)

3

IIC 2-arm-IIC 3-arm-IIC

0

x

0

xx

y

0

xx

y

z

Gluing Gluing

Local limit



IV dgr ∼ Cdpiv.
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Large clusters perco Zd

Proposition
1

χ(p)

∑
x∈Zd

P(0 ↔ x), |dgr(0, x)− Cdpiv(0, x)| > ϵχ(p))−→ 0.

2-side-IIC 2-line-IIC 3-line-IIC

0

x

0

xx y
Gluing Gluing

Multi local limits

0

xx y

z
floc := 1dloc

gr (ωi,ωi+1)=k
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High level summary: the contraction
∞/∞

∑
Pp(0 ↔ x1)Pp(x1 ↔ x2) . . .

Better RW bounds for :Paths at p′ > p

≈ many ≈ inde. p-open paths

0 x1 x2 x3
x

Random walk bounds at p < pc for Pp(0 ↔ x)

Correlation
corresponds to cycles

And (large) cycles
are very costly

Convolutions contract
toward GaussianBetter

bounds at
p < p′ < pc

Ongoing : New proof for θ(pc) = 0 for d > 6!
Paths at p′ ≈ Markov chain of p-open connected components



Thanks for your attention!


